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Elastomeric bushings are structural elements used in automotive suspension systems. A bushing is a hollow cylinder
between an outer steel cylindrical sleeve and an inner steel cylindrical rod. The steel sleeve is connected to components of
the suspension system and transfers forces from wheel to chassis. Force-Displacement relation for elastomeric bushings is
critical for multi-body dynamics simulations. A boundary value issue for bushing response leads to force-displacement
relation that requires extensive computation time to implement and therefore is unsuitable. Explicit force-displacement
relation may be used in multi-body dynamics simulations. The relation is expressed in terms of a force relaxation function.
Lianis model, Modified Lianis model, and Pipkin-Rogers model are introduced. Modified Pipkin-Rogers model was proposed
and a boundary value issue was formulated for axial mode bushing response. Numerical solutions of the boundary value
issue of Modified Pipkin-Rogers model were compared with results of the Pipkin-Rogers model. It is revealed that the
method for determining bushing relaxation function and prediction of proposed force-displacement relation is in agreement
with the original results.
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1. M2
NOMENCLATURE AEARE PgAoleks 1 Fagh el dol Hon
of Aj7to] Wi TzkeH faw - wol gk, oleig $A7
I B EEo g &7PAHX|(Suspension System)7} Q1.0
PR 53 S AZske] AR FS AAGHL, e
Holl A AgE= Eolu F20] Ao A5 AdEA] ghes
sto] AAe] Ak WSk SARE A SHe dae Bk
TR, A A7 oA diEwE RS B
= 8l ARs Ak HEEe] tigt HE2aTy oS W 5540
L A RIS Fa40R Qlste] 450 e sEnE Aol
G(f) = Force relaxation function o3E AL} sl WaE|o] 9.

A2t A7PA ] A A= 2 FAl(Elastomeric Bushing)
= PR 2 REor o 7HA] 42 7L Sl

s = Time

t = Current time
w = Displacement
k = Strain

T = Rise time

o
f
_°|L
2
3

u

o(t) = Stress at time ¢

F(f) =Force at time ¢

N

oo

R(w(s),f) = Displacement dependent force relaxation function
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Wineman'* -8 0] ulAlZiefab ) gstate] <A 7
2 Y4 AllE|(Center for Automotive Structural Durability
Simulation)of| A =35t Ux wHEHEF HAAo] AFgorK
B, o] sl Wgiele] TAYL HkEA, e 4AS v
& Flskairt.

Hetgell oigt 7S Boltzman* 2R {5 Foks 4
™, Adkins®} Gent 953 Ao sl o8] 71#] AF

tol Pt wilete] BAE WHAFH O, o] At AP

Yzt Ao m vl e 4AS AWkl
250 ATk Coleman¥} Noll%& AR AR AlS
171 $1ste] slold &2 7l'g (Fading Memory Concept)
Boto], A e arAof] et 32k A AE ¢
Faitk. McGuirte} Lianis= AE]2-HElt]all 115 (Styrene-
Butadiene Rubber)o] tigl A& Fato] vjAlY Hebd 4w
A& e, o] 412 Lianis Model2 =] o] X|F717
= o 8E3 9t} T3, Morman's 2 FAS WA HEHA
A= mdgsigon, WY sj4slr] fIste] faaS
Alokskoict.

olgfgh etdstol thgt o] 22 Winemani} Lee'o] ©]ato] 2}
A 7P| o) L' Ko A-§-%]laL, Lianis®] A9
tolels  &83t FAAWHAE olgste] FI-epAAnE
(Pipkin-Rogers Model) o] 2F4=|glom, Lee”5s-2 o] F7l-2HA)
2R ES WPReF Re o] Hedmels]of 285kl

o’ >~ 10
o oL oL
2 i o{kﬁ}"l
=2

0

ogﬁ Mo re rlr L o 32
2

HR-2PAAREL Lianise] A|RH o] 7|25 & 2oy
o wsto] hets] AEld A ey dFeA delshA
AEE7IOlE s B dde TR e, o
EvE Bl Histe] B HelahA A8 5 e MEE
Zdlo] Hag s Hlr. & AtlA= 3
ueh, defAEmE Ao SR sk, 7]&9 Fof

Az2e $AE  FA7l-2HAA2E2D(Modified  Pipkin-Rogers
Model)&: Alkstglom, ol Agsto] Aol Mg wd
¢l Modified Pipkin-Rogers Modelo] A= 4= 9l ZAE

A AsH

2. Lianis Model 2} Pipkin-Rogers Model

2.1 Lianis Model

w%rfjgtaul (Purdue  University)?] Lianis™= A €g|2l-Helt]qll
Jio] gk AeE Foto], S M ELe HAUAAE v
E%3L, LianisZ} AFE Foto] Akt 7]241E 323 HigE

o) Y= e che 3 Pt

Table 1 Material functions for SBR at 0°C

Time Py(?) Ou(®) Pi(®) 010
(s) (psi) (psi) (psi) (psi)
1 4.30 -0.575 4.95 4.05
2 4.10 -0.575 3.675 3.05
4 3.735 -0.535 2.75 2.25
6 3.45 -0.510 2.4 1.80
10 3.05 -0.470 1.95 1.30
15 2.70 -0.415 1.625 1.05
20 2.50 -0.375 1.425 0.875
30 2.15 -0.310 1.150 0.725
40 1.92 -0.275 0.95 0.61
50 1.75 -0.235 0.825 0.55
60 1.60 -0.215 0.75 0.50
120 1.05 -0.125 0.425 0.31
180 0.75 -0.080 0.25 0.225
360 0.20 -0.025 0.125 0.10
540 0.05 0 0.05 0.05
720 0 0 0 0

(a=43.7 psi, b=16.7 psi, c = 16 psi, d = -1.25 psi)

o(t) = —p(t)l-‘r[a-i- 2 2+11{c+d(12—3)}}3

(-2
~{c+d(1,-3)]8°

ey

1 dc,
w2 [+ t-3100- 91 s

! 0,(t=s) || dC/(s) dC(s)
+I°°HPI(I_S)+(1,—2)2}{]3 d s BHdS

oly= SEHIA oM, p(y= BIYS/E9Y ARFe = e 2 ¢feo
), fi= AR O] AlZE, s AN AT ) AlZE, B 9% 3
Al-219 €A (Left Cauchy-Green Tensor), C(sh= 222 At &
Al-219 ElA(Right Relative Cauchy-Green Tensor), [;3} L+~ B
=
=
e
=

v

9] AEHQIEHZ(Strain Invariants)o|11, [= 3x3 &
(Identity Matrix)o|=, Al(1)ef] a7t H=of tisto] A=
x| gsto] Yok PloAuee Phge 4 ook,

ERH ARG Po(0), (0, P(1), O()2 LE-I-FERH A
mRel 0°Cold Al el Wak =de] Sxols,
a, b, ¢, d= QAN & 2= 24 E4HoE, AFHo=w

5102 ZHE-2 Table 1 of LERHSITH

M o

2.2 Pipkin-Rogers Model

vl A 7 As sl AbsAk 2 Ui AllE
(Center for Automotive Structural Durability Simulation)o]| 4]+
A7PEA 9 et e Aes] d5sh] flste] Hekkt At
B2} HA)o] mdlo] Qs 9)3l, Lee2} Wineman"'%& H3¢
3l Lianis Models AT 4= Q= =L AHubA Bz A,
Pipking} Rogersh Aoket Fefe] A HrAnwon Yejgt



September 2017 / 655

A A
¢ ¢ L
hdihne e
.|
D n o5 T 5
Displacement input
F() 4 ¢ »
1< o5
]
Y 7 5 Eh :

Force output

Fig. 1 Ramp-to-Constant displacement control test

= shat vigerl g Al2e BALE
Rogers Model22 WRs}9lL, o] TS e
Sk 7| AL bt k.

Aes}o] o5 Pipkin-
2| tiste] A

L OR(w(s),t— s)dw(s)d
ow(s) 0Os

F(t) = ROw(0), 1)+ J @)
F()= @A ARE 049 3l e, wis)= ARE sollA <]
HPE UERL, RS ®iflol o&sh= ke (Displacement
Dependent Force Relaxation Function)o|t}.

2.3 2|AkH (Extrapolation Method)

Qe ol AHoE HFES o g3y ulio] A
A o] A& (Step Dlsplacement Control Test)o] 7F53}A]5L, 2142
A¥-g sl Qloja= ABEIHQ|(Step Displacement)s WHs
471 ¢lem 2 Ramp-to-Constant Displacement Control TestsS
Fgstofof jith. wehA], B Ao 7] HlolHE e
Aof| 4] Ramp-to-Constant Displacement Control TestZS ©]-83}%1
o, ofof tiste] Fig. 1o LRl It )

Fig. 19 22ldsle] 71871 (=7 o4 02® HlEv,
Ramp-to-Constant Displacement Control Test ¢ A¥}Ql 32
Fi. 19 Foree Qupuel ek ek Fis 19 99 831 71

7kl wet T, 7} o Hshs 2 Al BRH) Wl

‘ Section view

s A

[ Bushing

[Inner cylindrical rod | [ Outer cylindrical sleeve |

Fig. 2 Configurations of the elastomeric bushing

Fig. 3 Reference and current configurations in axial mode

HojF=a1 Qlrh. ERE, AHetofrl ol %%’4% 2} Zof| Higt Ramp-

T; o] gk Hoiat 0ol 77k e Zhe AFS AR Fof, o]
AddolHE Higo = 7_} =0 o] H3S o] AyE Az} st
), o] AutaHE] AW 0] A3 (Step Displacement Control
Test)o] 275 47| 9J5tod= 4 (Extrapolation Method)2]
ARgo] Ht=A] asitl QAbHe tlokst ejmakio] Auls A
ERhro] Ayfz vt} = Zlo A ofof Tt o] E4] AR
Lee'2] Bfabalei=tof AFA3] A= o] 9lct.

3. XISkt SA71ER|e| LefAEMHE £

3.1 UHAEME R0 SA

APt A7) Qi BAe T
B glon}, & ATA neid B4 1 Ted
zo] AllEfy elne Qise] ARiEy % Al Zheut
Hloj gl Ualel] Jehg Zhx| 3t glon, Fig. 20 tehfgict.

3.2 =Hi5F o= tfst Modified Lianis Model
UPAEHE FAL 7ld7} HoQle AR 7= o
S A oln, WA FAEG o, My Hygso] JA4t

© Fig. 39} 2t}
B AT, HE% &enE AL, T 2 ol
MPAISHE QHEe] wglel Foldl WTtel WAS T Zua
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Displacement dependent force relaxation functions R(w(s),t)
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Fig. 4 Displacement dependent force relaxation functions

neg agstglon, Ao
HOE 002 11, YHHIR|FollA 9] 3 Mo} 2014 3
o] BAE ottt Lianis 71 AQFSE A(1)& S 2o
tiato] Ae|ahH okt Aot

F(r) = (a+ +[3+K(r,0)][c+di(r, z)]jk(r, )

[1+K(r,0)]
[e+di (r, 0112+ K (r, D]k, )

+2k(r,0)[OP(0) + K (r,0)0y(1)]
! Ok(r,s)
+2 fw (Po(t—s)-—-é-s-—-—)ds
+2K(r, 1) J. (Qo(z— )ak(’ s))

A)zj[2+k(r, 0 )k(r, )=k (0] (3)
[1+K(r,0)]

+2U(r, 1) joi (Pl(tfs)k(r,s)%(a—}’;ﬁz)ds

+k(r, 0*)(P1(t)+

+[2-K(r, )] jo (Pl(t—s)ak(a%))ds

+

- P
+ r 1]

2—k(r,t) ! ak(r s)
+—22HBD [ (g(r—s)2D8)
[1+£r, t)]zyo ( o

where k(r,s) = %’;’S)

3.3 F5F 2o St Modified Pipkin—Rogers Model

Lee'ts Folzl 515 F(nSt SIRNIEOIAe] S e
w(s)] BAE F8tarzl skom, ARt s <09 4= FF=ol7l sl
= glom, WMo WAskA] o= Zlo= 7Pkl on, Lianis?)
A3l Ale|| 7]%3%t Lianis Model2 ©]-&3}o], Ramp-to-Constant
Displacement Control TestE =8j5}o] H oA ol E &R 5}
gom, slof that 241 (Force Extrapolation Method)a} %] A2}
%% (Least Squares Method) 2 ©]-8&3}o] Ho) oJ&3sl= ¢
3}3k=(Displacement Dependent Force Relaxation Function)&
Tatel 2 A AR A S mEo] diEk WAl
SramEe theat P,
L OR(w(s),t— s)dw(s)d

ow(s) os

R(w(s),1)

F(1) = R(w(0), 1)+ j )

l‘ t
= {0.693%0.1066@ 154080 1117e > 017}w(s)
4)

t

+{—0.0959—0.0252e_15'4608—0.0243 ”875}{ w(s)}>

_r
J{0.0286+0.0075e 20136 10,0075 ”358}{ )}

AlHZEE, w(s) =0.15¥E 1.00] gt Step Displacement
Control Test®] ZAx] 3l (Force)> §19je] oJ&Esh= Fletslal4:
(Displacement Dependent Force Relaxation Function)ZA]
R(w(s), )= WERHH, Fig. 4of Lehfi it

31 ostsl(Force Relaxation Function) R(w(s), )< 4](4)2}
o] WRHER Gl o] S3eF MLl w(s) ol &2 AFAlE
So] go] Felz A(5)et 2ol FEUE

ROw(s),0) = G, (Dw(s)+ G3() {w(5)} + G5 {w(s)}  (5)

A(Sr= Ae7HA ge] o gEe] ghont, ol gt
SHTAS SR FUH Aol o] BusiET gt @
Aojas Bt ettt 49] da o] Al7|=aL Jleng, 7 it
A= s L—’F(Force Relaxation Function) R(w(s),7)= U
B SoflAe] ZHEF HAA w(s)et AAIZE 9] T2l
Gystel el MFTAL) 42 olg3t +4E Bal-pAAwe
(Modified Pipkin-Rogers Model)& Aot tf2-3} Zro] A3}
et

F(1)=G(tyw(0)+ joi G- 22 ©

H@Epe FHE A9 BeyoR 1 a0l FiE 5 9o
v, 150k 048 2 Fslol ARkE Eatglont, HFeish
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Fig. 5 Coefficients of Force relaxation function

Coefficients of Force relaxation function
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Fig. 6 Coefficients of force relaxation function
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Fig. 7 Force output from modified Pipkin-Rogers model
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