December 2018 /1179

https://doi.org/10.7736/KSPE.2018.35.12.1179
ISSN 1225-9071 (Print) / 2287-8769 (Online)

ol

t2elZsts|x| M 353 M 125 pp. 1179-1189
Korean Soc. Precis. Eng., Vol. 35, No. 12, pp. 1179-1189

=

QULEIOI HlOjY M DS 0|83 S

=H|01E X|x| B

Vibration Analysis of Flexible Rotor with Angular Contact Ball Bearings
Using a General Bearing Stiffness Model
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The vibration analysis of flexible rotor systems supported by angular contact ball bearings is presented. Vibration analysis
of rotor-ball bearing systems has often been performed via simplification of supporting bearings as linear springs with
constant stiffness. In this study, an improved model of rotor-ball bearing systems was proposed. It utilizes a general bearing
model based on response and time-dependent bearing characteristics. The system equations of motion were established
using the finite-element method and numerically solved using the Newmark-f method. The method was used to recalculate
the bearing stiffness matrices at every interval of numerical integration as a function of the instantaneous bearing
displacements using a separated five-degrees-of-freedom bearing model. The method was verified via comparison with
experimental data available in the literature. The extended simulations were conducted to investigate the unbalanced
responses of a rotor-ball bearing system using the proposed and conventional methods. Numerical results showed a
meaningful discrepancy between the vibrational responses obtained by the proposed model using the response and time-
dependent bearing stiffness model and the traditional constant-stiffness model.
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1. Introduction

The vibration occurring in rotor-bearing systems is a crucial
problem, because it has a significant contribution to the overall
performance of the machine. Minimizing the vibration of rolling
bearings has the benefit of reducing premature failure in
components caused by oscillating loads. Therefore, great attention
has been given for monitoring and controlling the vibration of
rotor-bearing systems. Indeed, accurate prediction of vibration is
becoming important because of the increasing demand for quieter

operation, higher efficiency, and longer service life. The aim of this
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study is to develop an improved model for estimation of the
vibration in rotor-bearing systems.

Among the vibration sources in rotor systems, unbalance is one
of the most commonly observed sources.'? Vibration excitation of
the unbalance in a rotor system often raises nonlinearities of the
system in supporting bearings and mechanical coupling, or
geometric nonlinearities of motion.> Synchronous vibration caused
by unbalance in the rotors was well studied. However, relatively
few studies were concerned with the vibration attributed to the
rolling element bearings. In practice, the bearing stiffness varies,

even in one revolution of the orbital motion, which in turn affects

This is an Open-Access article distributed under the terms of the Creative Commons Attribution Non-Commercial License (http://creativecommons.org/licenses/by-nc/
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the vibration of the rotor system. However, bearings have been
usually considered as rigid supports or constant-stiffness
coefficients.*® These assumptions are less accurate in some cases,
because the dynamic loads and associated bearing compliance lead
to time-varying and/or response-dependent bearing stiffness. To
this end, several bearing stiffness models have been developed that
include the time-varying stiffness.

Liew and Lim” have modified the time-invariant stiffness model
developed by Lim and Singh® to consider the time-varying effect
of raceway rotation. The effect of the dynamic load on the bearing
stiffness was not considered in their model. Chu et al.’ introduced a
model for determining the time-varying bearing stiffness caused by
the finite number of balls and unbalance force. They showed that
the spectrum of the bearing stiffness element comprises two major
components corresponding to unbalance force and ball-passing
frequencies. The stiffhess model for multiple harmonic excitations,
such as coupling misalignment'® was not addressed in Ref. 9.
Recently, Li et al.!! proposed a new method to predict rotor-
bearing vibration without the information of explicit bearing
stiffness. Their model consists of a bearing model used for
determining the rigid body motion of the system. The finite-
element method (FEM) was then used for determining the elastic
deformation of the rotor. The total response of the system is the
summation of responses from the rigid and elastic models. This
model seems difficult to implement because of its complexity.

In this paper, an improved model was proposed for rotor-bearing
systems to consider the bearing characteristics precisely. This study
employed a response-dependent, time-varying bearing stiffness
model, in which the instantaneous bearing stiffness is determined
with the instantaneous vibration responses at the bearing locations.
The method was verified by means of comparison with
experimental data available in the literature.!! Then, extended
simulations were performed to investigate the unbalance responses
of a rotor-bearing system by using the proposed and conventional
methods. To show the difference caused by the inclusion of the
proposed exact bearing stiffness, the vibration responses of a rotor
system obtained by using the current model were compared with
those of the conventional, time-invariant bearing stiffness model.
Through numerical simulations, the proposed exact bearing
stiffness model manifested its importance in the accurate
estimation of vibration responses and their higher harmonic
components.

This study is organized as follows. In Section 2, the modeling
method for the system vibration computation is described. An
overview of the finite-element model and ball-bearing models is
presented. A flowchart for the computation of rotor system

vibration is also described, which focuses on how the time-varying

bearing stiffhess is determined. In Section 3, the validation of the
method is presented. An experimental comparison is also presented
using existing measured data of a sample rotor angular contact
ball-bearing (ACBB) system. In Section 4, a comprehensive
analysis of the system vibration under various operating conditions
is made. A model comparison was performed by means of the
traditional time-invariant bearing stiffness model. Finally, in

Section 5, conclusions are provided.

2. Rotor-bearing System Modeling

In this section, the modeling method for rotor-bearing systems is
presented. The system consists of a flexible shaft supported by
ACBBs and rigid disks. The FEM is used to model the elastic
shaft, and a five-degree-of-freedom bearing model is adopted to
calculate the ACBB stiffness matrix.

2.1 Finite Element Model of Rotor System

To make the system equations of motion of rotor-bearing
systems, the FEM has been effectively used in many studies.'-'>!*
The equations of motion for shaft elements, disk, and bearings are
constructed and assembled to make the equations of motion for the
whole rotor system, which are detailed in Ref. 1. Combining the
shaft element and bearing equations, the assembled equation of

motion of the rotor-bearing system is obtained as

[MI{G}+{[C]+Q[GT}{g} +[K]{q} = {1} M

where {q} is the displacement vector, which represents the dis-
placements of all nodes along the shaft. The force vector on the
right-hand side of Eq. (1) contains the external forces acting the
rotor system. [M] and [G] are the mass and gyroscopic matrices,
respectively. [K] is the stiffness matrix, which comprises the stiff-
ness matrix of the shaft element and supporting bearings. [C] is the
damping matrix. In this study, the unbalance excitation force result-

ing from the disk eccentricity is considered.

2.2 Bearing Stiffness Computation

There exist several analytical models for calculation of bearing
stiffness in the literature. The quasi-static model of ball bearings
outlined by de Mul et al.'* is used in this study. A great advantage
of this model is that it can be organized in modules based on the
effective use of vector and matrix methods. Unlike the original
model proposed by de Mul et al.,' the present model takes into
account the ball gyroscopic moment, as in Refs. 15 and 16.

Fig. 1 shows the ACBB global coordinate system, loading, and
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corresponding displacements of the inner ring. The loads acting on
the inner ring of the ACBB are described by

(F} = (FuF, F M, M} o)
and the corresponding displacements of the inner ring are
10} =138.8, 87,7} 3)

The stiffness matrix of the bearing defines the relationship

between the bearing load and displacement, written as

[K,] = [5—%] 4

which is a fully occupied (5 x 5) stiffness matrix of the form
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There are two kinds of bearing boundary condition for stiffness
matrix computation. The first kind is that the load vector {F} is
given, and the stiffness matrix is unknown. In this case, to find the
bearing stiffness matrix, the equilibrium of all the balls needs to be
obtained first. Thereafter, the equilibrium equations of the inner
ring can be obtained, and then the unknown {J} and the stiffness
matrix are solved. However, it is often very difficult to find the
exact bearing loading, especially when the rotor system is
subjected to various excitation loads. Another kind of boundary
condition can be adopted, such that the displacement vector {5} is
given, and the stiffness matrix is unknown. This study is mainly
concerned with this type of bearing boundary condition, in which
the displacements of the bearing are extracted from the vibration
response of the system obtained in each iteration. Using this
model, the corresponding loads {F'} can be found directly without
the global iteration. This means that only a local iteration loop is
required for each ball to find the ball equilibrium. Thus, the global
equilibrium of the bearing can be computed by taking the
summation of the inner ring contact loads attributed to all rolling
elements.

Because all equations are nonlinear, an iterative method is
employed to solve the equilibrium equations. Detailed descriptions
of ball and inner ring equilibrium equations and stiffness matrix

computation are provided in Appendices A1-A6.

M, %, | D
y

Fig. 1 ACBB coordinates system, loading, and displacements
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system loading
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Calculate the static stiffness matrices and displacements
of the supporting bearings

=0

Set the initial conditions for
system equations of motion: {g} =0,{go} =0
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Calculate: - Instantaneous displacements of bearings

- Bearings stiffness matrices

v

Solving the system equations of motion for the system
responses {g} and using the Newmark-/ method

Yes

{90} = {9} H-

Fig. 2 Computational procedure of rotor vibration

Note here that the axes of bearing local coordinate system (xyz)
may be different from those of the global coordinate system
(XYZ). The bearing direction can be defined as either positive or
negative, depending on the direction of the bearing x-axis with
respect to the rotor X-axis. Therefore, a right mapping for the
stiffness matrix from the negative bearing local coordinate into the

positive global coordinate should be considered. The mapping
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Fig. 4 Vibration response at Sensor 1

procedure for the stiffness matrix of a negative bearing can be

found in Li and Shin."”

2.3 Calculation Procedure

The calculation procedure for the vibration response of a rotor
system using the proposed model is exhibited in Fig. 2. At first, the
stiffness matrix and static displacements of each ACBB are
estimated using the ACBB model.'>!¢!® Input values for this
calculation are the axial preload and the radial load caused by the
rotor mass.

The rotor system is assumed to start rotating from its static
position. Therefore, at r=0, the initial conditions of system
displacements and velocities are set to zero: i.e., {go} =0 and
{go} =0. At an arbitrary time ¢, the absolute displacements of
each bearing {J} are determined by summation of its static
displacements and instantaneous displacements obtained from the
previous step. Then, new stiffness matrices of the bearings are
determined, with the inputs {0} and the current time ¢.
Subsequently, the equations of motion are solved using the
Newmark-p method with a constant time step of A¢ = 107(s). The
incremental time A is added at the end of the iteration loop, and

the current values of rotor displacements and velocities are set to
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Fig. 5 Frequency spectrum of vibration at Sensor 1

initial values for the next time step. The process is repeated until
the steady-state vibration is achieved. Finally, the fast Fourier
transform is performed for the resultant rotor displacements to

obtain the frequency domain response.

3. Model Validation

The vibration responses using the proposed model were
compared with existing experimental data in the literature. Fig. 3
shows the geometry of the test rig used in Li et al.'' The rotor
system consisted of a uniform shaft supported by a pair of identical
ACBBEs in back-to-back arrangement and two identical disks. The
radial clearances between the ball and bearing rings were 7.5 um.
An additional eccentric mass was added to the disk on the left to

generate an unbalance force and, thus, cause vibration of the rotor.
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The product of the eccentric mass and its radial position is 120
g.cm. The vibration responses of the rotor at two positions were
measured using displacement sensors.

Details of the experimental setup can be found in Ref. 11.
Because the bearing preloading conditions were not discussed by
Li et al.,!" a bearing displacement preload of 20 pm was assumed
for the two ACBBs.

Fig. 4 shows the measured vibration response when the rotating
speed was 1800 rpm. Fig. 4 also illustrates the simulated vibration
response using the invariant and constant-bearing-stiffness models.
Fig. 5 compares the measured and calculated frequency spectra of
the vibrations, which are illustrated in zoomed plots of the
response amplitude from 0 to 2.4 pm. Figs. 4 and 5 demonstrate
that the simulated results using the proposed general bearing
stiffness model agree well with those from the experiment.
Although the response is mainly a synchronous behavior, higher
harmonics (up to 5X) are visible. Such high harmonics are caused
by the engagement of the bearing clearance.!! The constant-
stiffness bearing model fails to predict the high-frequency
components. Instead, only 1X synchronous frequency is found, as
shown in Fig. 5(c). The predicted amplitudes show an overall good

match with those from measurements.

4. Simulation and Discussion

Fig. 6 shows the investigated rotor system and its FE model.
The rotor system consists of a shaft, a rigid disk, and a pair of
identical ACBBs. The rotor shaft is connected to the driving motor
via a flexible coupling. The ACBBs are preloaded by the
displacement preload method. Simulations were performed with
MATLAB subjected to various operating conditions in terms of
speed n, disk eccentricity e, ACBB clearance ¢, and axial preload
&, Tables 1 and 2 show the parameters of the rotor system.

Fig. 7 shows the vibration amplitudes at the disk and bearings
excited by unbalance force as a function of rotor speed. The disk
eccentricity was set to 5 um, and the rotational speed is varied
from 1,000 to 100,000 rpm. The radial clearance and axial preload
on the bearings were set to zero and 1.5 um, respectively. For
comparison, the vibration amplitudes were estimated with the
proposed model and the conventional, constant-bearing-stiffness
model. The vibration responses by the two methods are similar in
the low-speed range. The first two modes are dominated by the
shaft deflections, while the third mode around 70,000 rpm
experiences significant displacements at the bearings. A large

difference is observed near the third critical speed region. The

Motor R4
Coupling Be:;ring #1 Disk Bearing §2
= = S IS - - ---- g -
VA X
o —— 'L 0.19m ! 0.3m T 0.3m .‘
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g T

Fig. 6 Flexible rotor-ACBB system and FEM model

Table 1 Basic geometric parameters of ACBB SKF 7206-BEP

Bore diameter (d) 30 [mm)]
Pitch diameter (d,,,) 46 [mm]
Number of balls (2) 12
Outer diameter (D) 62 [mm]
Ball diameter (D,,) 10.32 [mm)]
Unloaded contact angle () 40 [°]
Table 2 Rotor system parameters

Disk mass (m) 11.28 [kg]
Bearing damping (c,,, c-- 350 [Ns/m]
Bearing damping (ca9» Co-e:) 300 [Nms/rad]
Shaft elastic modulus (E) 2.1 [GPa]
Poisson’s ratio (77) 0.3
Disk mass (m) 11.28 [kg]

peaks estimated by the proposed model are shifted from those of
the conventional constant-stiffness model. This difference is
caused by the nonlinearity in the bearing model.

Fig. 8 shows the vibration amplitudes at the disk and bearings
when applying 5-um radial clearance to ACBBs. By introducing
bearing clearance, the vibration amplitudes are altered, even in the
low-critical-speed region. Fig. 9(a) illustrates the orbital trajectories
of the disk and bearing centers. As already shown in Fig. 9, the
constant-stiffness model is likely to make some discrepancies in
the trajectories with those of the proposed time-varying stiffness
model in the low-speed region. The trajectories are all elliptical
because of the anisotropic bearing characteristics caused by the
effect of rotor weight.

The waterfall plots at the disk using the two models are shown
in Figs. 10 and 11. The disk eccentricity, bearing radial clearance,
and preload were selected as e=5 pm, £=5 um, and &, = 1.5 um,
respectively. Fig. 10 shows only a 1X component that is
synchronous to unbalance frequency, whereas Fig. 11 exhibits
multiple harmonics. The occurrence of high-order harmonics, as

shown in Fig. 11, is attributed to the effect of the time-varying and



1184 / December 2018

—— Proposed mode| -=--- Constant bearing sfiffness model
E 30
—
2 A
2 201 il 1
5 ‘A
T 1)
= 10} i .
[+ y e
g, B et
> %% 10 20 30 20 50
£ 30 . T - -
s
2 20r
o
£
® 10}
o
=
N Qe
5 0 10 20
T Rotational speed (10° rpm)
(a) Bearing 1
. Proposed model -=--- Constant bearing stiffness model
£ 20- : :
[0
S 15-
£
£ 10 -
@
8 5-
3
E 20+
=%
S 15-
2
g- 10 -
@
T 5
c
g o :
5 0 10 20 30 40 50
T Rotational speed (103 rpm)
(b) Bearing 2
Proposed model -=--- Constant bearing stiffness model [
E 20- : L
[0
S 15- 1
g 10- |
@
8 5- 7
£
O'_ L r £ r L
= %o 10 20 30 40 50
E 20+ : .
=7
(]
5 15 -
g 10 -
& 5- P,
<
s O 10 20 30 40 50
T Rotational speed (103 rpm)
(c) Disk

Fig. 7 Vibration amplitudes at the disk and bearings without bearing
radial clearance (¢ =5 um, £=0 um, &, = 1.5 um)

nonlinear nature of ACBB stiffness. Fig. 12 shows the variation in
the time domain for the radial stiffness of ACBB No. 1. Under

unbalance excitation, the multiple harmonic frequencies in the
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Fig. 8 Vibration amplitudes at the disk and bearings with bearing
radial clearance (¢ =5 um, £=5 um, &, = 1.5 um)

stiffness are observed; the 2X component is significant. This
further shows that the constant-bearing-stiffness model, as well as

the pre-described stiffness model with 1X and band-pass filter
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Fig. 10 Waterfall plots at the disk using the constant-bearing-stiffness
model (e =5 pm, £=5 um, §, = 1.5 um)

frequencies,” may reduce the accurate prediction for vibration of
the unbalanced rotor with rolling-element bearings.

Fig. 13 shows the waterfall plots at the disk when an axial
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Fig. 11 Waterfall plots at the disk using the proposed model (e =
Spm, =5 um, §, = 1.5 um)
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Fig. 12 Time-varying stiffness at ACBB No. 1 (n = 8000 rpm, e =
Sum, £=5 pum, &, = 1.5 pm)

preload of ¢,=10um is applied to the ACBBs. The disk
eccentricity and bearing clearance were kept the same as above,
i.e., e=5pum and €= 5 pm, respectively. In this case, the waterfall
plot shows that only the synchronous response is dominant for both
models. Fig. 14 illustrates the radial stiffness of ACBB No. 1. The
stiffness variations are relatively small compared with the average
values (below 0.7%).

Fig. 15 shows the waterfall plot at ACBB No. 1. The proposed

model gives multiple harmonics in the ACBB vibration, whereas
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5. Conclusions

An analysis of the vibration response of the rotor system
supported by ACBBs was performed. A time-varying, response-
dependent bearing stiffness approach was proposed to replace the
traditional, time-invariant bearing stiffness model. The vibration
responses of the rotor system caused by unbalance were
considered. The model was validated with experimental data
available in the literature. Extended simulations were conducted to
investigate the effect of time-varying, response-dependent bearing
characteristics on the rotor vibration. The computational results
showed that the model could predict high-order harmonics in the
rotor vibration because of the time-varying, response-dependent
nature attributed to the radial clearance of ACBBs. The method
can be further applied to investigate the vibration response of

flexible rotor systems subjected to various excitation sources.
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APPENDIX: ACBB Equilibrium and Stiffness Matrix
Calculation

Al. Ball Equilibrium Equations

Modeling of rolling-element bearings was well summarized in
Ref. [17]. Fig. Al(a) shows the cross-section of the bearing at a
location angle @. The inner ring and ball displacements are {u} =
{u,, uy, " and {v} = {v, v,, W}, respectively. Fig. A1(b) shows
the free-body diagram of a ball. The equilibrium equations of a ball
shown in Eq. (A1) can be solved to give {v}.

€

AM, M, .
Ocosa,+Q,cosa, + F,———Esing;+ —Esina,
D, D, 0
a a =1, @y

. : g e g
O;sina;+Q, sina, + T cosa——p—=cosa,
a a

A2. Global Equilibrium Equations of Inner Ring

The equilibrium equations of the inner ring can be written as

(F}+Y7 ([Rg)'{0})-= {0} (A2)

where the inner ring contact load at a particular ball {Q} is defined

as

A:M,
—-Qcosq;+ —Ssing,

o D,
= = AM A3
93710 —-Qsina,———=cosa; (43)
T a
0

where [R¢] is the transformation matrix given by

cos¢sing 0 —xpsing xpcos @
[RA1=| 0 0 1-rpsing—rpcos (A4)
0 0 0 —sing cos¢

where ¢ is the time-varying angle depending on the instantaneous
orbital position angles of the ball and rotating race, as calculated in
Ref. 7.

A3. Contact Load Calculation
The contact loads between balls and races are calculated using
the Hertzian theory,

0:=k&?, 0. = k5" (A3), (A6)

v r

(b) Free-body diagram of a ball

Fig. Al. Bearing cross-section and ball equilibrium

where the contact coefficients between the ball and raceways &
can be determined using Harris.”” The contact compressions
between the ball and raceways are calculated by

6 =li=lyi=0;, 5,= 1, =lp,=A

e e

(A7), (A8)

where /; and /, can be derived based on a geometric relationship.
The clearances between ball and races A; and A, become zero when

a sufficient axial preload is applied.

A4. Geometric Relationship

Fig. A2 shows the position of the ball center, inner, and outer
race curvature center before and after loading. From Fig. A2, the
following geometric relationships are derived for the ACBB

considering inertial effects:

losiney+u,—v, Lo sinay+v,

tana; = tana, = A9), (A10
T lpcosaytu,—v,’ ¢ y,cosaytv, (A9), (A10)
lycosaytu,—v ly,cos0y v
= 0i 0 r r’ le: Oe 0 "r (All), (A12)
cosq; cosa,

AS. Centrifugal Force and Gyroscopic Moment
The centrifugal force and gyroscopic moment acting on a ball

can be calculated by
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Outer race Inner race

curvature center

Inner race
curvature
center

Outer race

Fig. A2 Position of ball center, inner, and outer race curvature
centers before and after loading

Fp= %mdmwfn (A13)
m,=Jo,,opsinf (A14)

where the pitch angle fFis defined as the angle between the bearing
axis and rolling axis of the ball. There are several methods to deter-
mine A3 This study calculates Susing the outer race control theory
as Ref. 18.

) sing,

p=tan ——— (A15)

cosa,ty

The other parameters in Egs. (A13, Al14) can be calculated by

Tch nD(SI
m=p—eJ=pes (Al6), (A17)

_J1 (1+ycosa,)(cosa;+tanfsine;)
On = [ (1—ycosa;)(cosa, +tanfsina,)

T (A18)

cosa,+tanfsina, cosa;+tanfSsina; !
o= [0} |— e ﬂ e i ﬂ 1:| (A19)
wosf.  1+yos a, 1-cosa;
_ D, A20
r=7 (A20)

A6. Bearing Stiffness Matrix
The bearing stiffness matrix (5x5) is obtained from the Jacobian
matrix as Ref. 14.

[K]1=-%7 ([RHI'[Q'1[Rg]). = {0} (A21)

where the contact stiffness matrix of a ballj is defined as

20,0, 00
Ou, Ou, 00

[0'] = |9%x 99x 90, (A22)
Ou, Ou, 00

oT oT oT

| Ou, Ou, 0|
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